In this paper, we apply the Fractional Adams-Bashforth-Moulton Method for obtaining the numerical solutions of some linear and nonlinear fractional ordinary differential equations. Then, we construct a table including numerical results for both fractional differential equations. Then, we draw two dimensional surfaces of numerical solutions and analytical solutions by considering the suitable values of parameters. Finally, we use the L 2 nodal norm and L 1 maximum nodal norm to evaluate the accuracy of method used in this paper.
Introduction
Globally, a physical phenomenon can be expressed by the help of theory of derivatives and integrals with fractional order. Therefore, fractional concepts have been seen as a tool in the fields such as physics, chemistry and engineering in terms of representing physical phenomena. Thus, a lot of powerful methods, such as fractional linear multistep methods, variational iteration, galerkin finite element, Sumudu transform, trial equation, Adomian's decomposition, extended trial equation, homotopy analysis, iteration, homotopy perturbation, modified homotopy perturbation, generalized trigonometry functions, homotopy perturbation, Sumudu transform or modified trial equation method, have been presented in literature [2-17, 26-28, 30] . Besides these methods some authors have investigated various properties of fractional concepts [18, 19, 29, [32] [33] [34] .
The organization of this paper is as follows: we give some definitions and properties of the fractional calculus in Section 2. In Section 3, we introduce the general construction of Fractional Adams-Bashforth-Moulton Method (FABMM) for time-fractional linear and nonlinear ordinary differential equations. In Section 4, we apply FABMM to the linear time fractional ordinary differential equation (FODE) defined by [1] ,
where˛is an arbitrary constant and a parameter describing the order of the fractional time-derivative. (1) have the following exact solution in the closed manner [1] ; Then, we consider the nonlinear time fractional ordinary differential equation described as following;
having the exact solution as:
where Á and T are arbitrary constants and not zero [1] .
Preliminaries
In this part of the paper it would be useful to introduce some definitions and properties of the fractional calculus theory. The Caputo fractional derivative of f .t / function is defined by [24, 25] :
In addition to this expression, some of the useful formulas such as f .
in which n 1 <˛Ä n; n 2 Z;˛2 R C .
Construction of FABMM
In this section of our study, an approach to the FODE will be given. The general form of FABMM used to obtain numerical solutions of fractional differential equations (FODEs) given along with initial conditions can be considered as the following form [20] [21] [22] [23] [24] ; D˛ OEy.t / D f .t; y.t //;˛> 0;
with initial conditions:
where k D 0; 1; 2; 3; ; d˛e 1; and D˛ OE: an operator in the sense of Caputo defined by:
where n is bigger than˛and smallest integer number, D is integer order derivative operator and J is an integral operator defined in the following way in the sense of Riemann-Liouville integral operator:
If we take the integral of (7) according to (10) , it gives us a second order Volterra integral equation well known [6, 22, 23, 31] :
Before submitting the general structure of FABMM, we can set off by remembering the general form of AdamsBashforth-Moulton method for the integer order differential equations. Here, the general form of the integer order differential equations is defined by:
and initial condition is y.0/ D y 0 :
The grid points of (12) for every single point by dividing N steps to the interval of OE0; T can be written in the following way [23, 24] :
and
where y.t kC1 / approaches are defined as [22, 23] :
The integral of (16) can be rearranged as:
By applying trapezoidal rule, we get (18) for (16) as follows:
If in (18) we represent equations of (15) as y.t k / D y k and y.t kC1 / D y kC1 , we receive:
As (19) has y kC1 on both sides, it may be very hard to directly obtain solution of this equation. Therefore, we have to take predictor y p kC1 for the first approach of y kC1 in the following way [22, 23] :
Then, by means of applying trapezoidal rule, we can obtain the construction known as Euler formula or one-step Adams-Bashforth method getting [22, 23] :
When we rewrite (19) under the terms of (21), we can get the following equation:
When we take into account both (21) and (22), we obtain the general form of one-step Adams-Bashforth-Moulton method of finding numerical solution of (12) , being the integer order differential equations, for which we will investigate FABMM for solving FODEs numerically. The fundamental difference between (11) and (16) is the fact of starting from zero at the lower bound of integral. Therefore, we have to set out by taking t k instead of zero as the lower boundary of integral to solve FODEs by using FABMM. When we apply trapezoidal rule according to weight function .t kC1 /˛ 1 for (11), it gives us following equation:
where g.z/ is the piecewise linear interpolant and it has nodes Q g kC1 ; t j D j h. Under the rules of standard quadrature technique [22, 23] , right side integral of (23) can be rewritten in the following way:
where a j;kC1 is defined by:
By substituting (23), (24) and (25) in (11), we form the corrector formula for one-step FABMM as follows [22, 23] ;
Then, y p kC1 predictor under the constructions of Adams-Moulton method can be rewritten in the following form [22, 23] :
where b j;kC1 is defined by:
Then, the predictor y p kC1 is the same as the one defined above for the Adams-Moulton method [22, 23] :
When we consider both (26) and (29), we obtain the general form of FABMM to solve numerically (7).
Applications
In this section, we applied FABMM to the linear and nonlinear time fractional differential equations as follows.
Example 1. Firstly, we consider (1) linear fractional differential equation along with exact solution (2) . We can rearrange (1), in a way similar to (7);
If we apply FABMM to (30) by taking 0 < t Ä 1, step size n D 300 and initial condition u.0/ D 0, we can obtain a numerical solution for (30) for the first ten term and error accounts. Next, to determine the accuracy of the technique, we use L 2 nodal norm defined by:
and L 1 maximum nodal norm defined by: Using L 2 nodal norm algorithms for measuring the accuracy of the technique used for solving (1) by taking n D 300 and˛D 0:25, we obtain the following L 2 sum of numerical error: 0.000440091.
Similarly, when we use L 1 maximum nodal norm algorithms for measuring the accuracy of the technique used for solving (1) by taking n D 300 and˛D 0:25, we obtain the following L 1 maximum numerical errors: 0.000998594. Using L 2 nodal norm algorithms for measuring the accuracy of the technique used for solving (1) by taking n D 300 and˛D 0:75, we obtain the following L 2 sum of numerical errors: 0.0000190654.
Similarly, when we use L 1 maximum nodal norm algorithms for measuring the accuracy of the technique used for solving (1) by taking n D 300 and˛D 0:75, we obtain the following L 1 maximum numerical error: 0.0000455084. Example 2. Secondly, let's consider (3) nonlinear fractional ordinary differential equation along with exact solution of (4). We can rearrange (3);
where˛; Á; T are constants and not zero. When we rewrite (33) by substituting Á D T D 1, it gives us the following differential equation [1] :
with the exact solution [1] ;
If we apply FABMM to (34) by getting˛D 1:25;˛D 1:75; 0 < t Ä 1, step size n D 300 and initial condition u.0/ D 0, one can obtain a numerical solution for (34) for the first ten terms and error accounts. Next, to measure to the accuracy of the technique, we will use L 2 nodal norm and L 1 maximum nodal norm. Using L 2 nodal norm algorithms for measuring the accuracy of the technique used for solving (34) by taking n D 300 and˛D 1:25, we obtain the following L 2 sum of numerical errors: 0.00000000809849.
Similarly, when we use L 1 maximum nodal norm algorithms for measuring the accuracy of the technique used for solving (34) by taking n D 300 and˛D 1:25, we obtain the following L 1 maximum numerical errors: 0.0000225821. Using L 2 nodal norm algorithms for measuring the accuracy of the technique used for solving (34) by taking n D 300 and˛D 1:75, we obtain the following L 2 sum of numerical errors: 0.00000000863107.
Similarly, when we use L 1 maximum nodal norm algorithms for measuring the accuracy of the technique used for solving (34) by taking n D 300 and˛D 1:75, we obtain the following L 1 maximum numerical error: 0.0000247177. 
Remark
The numerical results for Example 1 and Example 2 have been obtained by using the programming language Wolfram Mathematica 9. To the best of our knowledge, these numerical solutions have not been published previously, and these results are new numerical solutions for (1) and (34).
Conclusions
In this paper, we have successfully applied FABMM for obtaining the numerical solutions of some linear and nonlinear FODEs. We have constructed a table including numerical results for both fractional differential equations. Next, we have drawn two dimensional surfaces of numerical solutions and analytical solutions by using Wolfram Mathematica 9. Applying suitable values of parameters before we use L 2 nodal norm and L 1 maximum nodal norm to evaluate the validity of the method used in this paper. It can be seen that this method is a powerful tool for obtaining the numerical solutions of such FODEs, taking into account the numerical errors obtained by using L 2 nodal norm and L 1 maximum nodal norm for the numerical errors of (1) and (34) . We think that the proposed method can also be applied to other fractional differential equations.
